This paper presents an analysis of the effect of an undulating free surface on the stress state in a multi-layered structure with an arbitrary number of layers. We present a simple procedure to derive in terms of stress functions the first-order perturbation solution for a multi-layered structure subjected to residual stresses and to external edge loads. The solution is valid for undulation amplitudes that are small compared to undulation wavelength, and it reproduces results reported earlier for homogeneous materials and bilayers. Using this perturbation solution, the stability of a stressed undulating surface with a given surface energy is evaluated. This analysis leads naturally to the definition of a critical undulation wavelength above which undulations are preferred energetically over a flat surface. The results obtained in the perturbation analysis can be applied to surface diffusion/etching problems in multi-layered structures and to a range of other engineering problems related to undulating surfaces and surface stability.
Introduction
Most devices in the semiconductor, display, and MEMS industries consist of multi-layered thin-film structures. The layered structure of these devices is necessary to realize the functionality of the device, but may lead to reliability issues such as delamination, cracking, or morphological instability during device fabrication, testing or operation. The main interest of this study lies in the morphological stability of the surface of a multilayered structure when subjected to residual stresses and external edge loads. The stability of such a surface is an important issue during the fabrication and processing of film stacks. The morphology of epitaxial thin films, which depends on both the elastic strain energy in the films and their surface energy (Freund, 1995) , is a good example. The development of surface roughness under chemical etching conditions is another (Kim et al, 1999) .
In order to evaluate the morphological stability of the surface of a multi-layered structure, one needs a mathematical model describing the morphological change and the associated changes in energy. Often, one of the most difficult parts of such a model is to evaluate the contribution of the elastic strain energy that arises as a result of residual stresses and/or external loads.
Since the early work by Asaro and Tiller (1972) , many researchers have studied the morphological stability of a free surface in the presence of stresses. Gao (1994 ), Freund (1995 , and Gao and Nix (1999) have published informative reviews on this subject.
Researchers have studied the stability of cracked surfaces (Spatschek et al., 2001) , pore channels (Colin et al., 1997) , and dynamic cracks (Gao, 1993) . Suo (2000) has published a review on the morphological changes of a surface considering the work done by other longrange forces in addition to surface and elastic energies, and has pointed out that changes in morphology as a result of residual stresses, electrostatic fields, and van der Waals forces could be used for the self-assembly of nanostructures and biological structures. The elastic solution for an undulating film on a substrate can be found in the literature (Urazgil'dyaev et al., 1975; Spencer et al, 1991) , but the solution for a structure that consists of three or more layers is not available. Since many devices consist of more than one film on a substrate, it is of practical interest to derive a solution for the stress state in a multi-layered structure with an arbitrary number of layers that is valid for arbitrary undulation wavelengths.
In this paper, we first present such a solution derived using a linear perturbation analysis. The equations are lengthy, but can be presented in a compact form using matrix notation, an approach that also facilitates evaluation of the stresses using a computer. Several simplifying assumptions are made in the formulation of the problem. First, the materials in the multilayered structure are assumed to be isotropic and linearly elastic. The geometry of the structure is taken to be two-dimensional, i.e., the multi-layered structure is in a state of plane strain or plane stress, and the length of the multilayered structure is assumed to be much larger than its total thickness. It should be noted that the two-dimensional results are readily extended to equi-biaxial stress states as described briefly in Section 4. The undulating surface of the multilayered structure is then modeled as a first-order perturbation of a flat surface, so that that the solution is accurate only if the amplitude of the undulation is much smaller than its wavelength. As an application of the multi-layer solution presented in this paper, we analyze the surface stability of several film stacks in the presence of a residual stress.
Unperturbed multi-layered structure

Stress state as a result of an edge moment and axial force
Let us consider a multi-layered structure with two free surfaces as depicted in Fig. 1(a) . It is assumed that the dimension of the structure in the x-direction is much larger than that in the ydirection. The stress state in the structure as a result of the edge loads specified in Figure 1(a) is readily obtained using composite beam theory. The solution for a 2-layer structure, for example, can be found in Appendix III of Suo and Hutchinson (1990) . More generally, the position of the neutral axis n y in a stack consisting of N layers is expressed by
where h (i ) is the thickness of the i th layer in the structure and
and ! (i ) are the shear modulus and Poisson's ratio of the i th layer, respectively; ! (i ) = 3 " 4# (i ) for plane strain and ! (i) = (3 " # (i) ) (1 + # (i) ) for plane stress. The stress components in the multi-layered structure as a result of an edge load P 0 and an edge bending moment M 0 are given by
where
Stress state in the presence of residual stresses
In most cases when two or more dissimilar materials are joined together to form a multilayered structure, the individual layers in the structure are subjected to a residual stress. This residual stress may arise as a result of thermal mismatch between the layers, but may also be associated with the technique used to fabricate the multi-layered structure. A coating on a much thicker substrate is a good example: the residual stress in the coating is determined by both the thermal mismatch between coating and substrate and the stress that is built in the coating during the coating deposition process.
If the residual stress in the i th layer is given by ! 0(i ) , the stress field in the multi-layer structure can be written as
Here, the residual stress ! 0(i ) is a function of the y-coordinate and satisfies the conditions
for static force and moment equilibrium, respectively. In a later section in this paper, we will relate the stress at the top surface of a flat multi-layer structure,
to the stress for a multi-layer structure with an undulating surface. The residual stress distribution used in Eq. (4) satisfies both force and moment equilibrium. This is an important point: If, for instance, a coating is deposited on a flexible substrate that is clamped down during the deposition process, the residual stress in the coating will change when the substrate is released. The residual stress in Eqs. (4) and (5) 3. Perturbation analysis of a multi-layered structure with an undulating free surface
Problem formulation using Airy stress function
Consider a multi-layered structure with an undulating free surface as shown in Fig. 1(b) . The sinusoidal undulation of the surface can be regarded as a perturbation of a flat surface. The stress distribution for each layer in the structure can be written in terms of Airy stress function as
Here, the subscript (i) stands for the i th layer from the top and F is the Airy stress function, which satisfies the compatibility condition ! 4 F (i ) (x, y) = 0 . The stress distribution in the perturbed state can be written as a Taylor series in the undulation amplitude 0 a (Urazgil'dyaev et al., 1975 )
where λ refers to the wavelength of the undulation. Here, ! can be regarded as ! xx , ! xy , or ! yy , and the superscript represents the order of the perturbation. Similarly, the stress function can be written as
Here,
is the stress function of the unperturbed state and F (i )
( 1) and
are the first and second order perturbation terms of F (i ) (x, y) . The accuracy of the analysis can be improved by considering higher orders of perturbation, but only the first-order perturbation is considered in this study for simplicity and clear interpretation. The unperturbed state was dealt with in the previous section. The general solution for the first-order perturbation term F (i )
( 1) can be written as
where 
or to first-order accuracy
The condition for a traction-free surface can then be expressed as
By combining these expressions with Eqs. (12) and (13) and retaining only first-order terms, we obtain the following conditions for the stresses at the surface of the first layer
! yy (1) (1)
where T ! is defined in Eq. (5). Note that the first-order solution for an undulating surface is related to the solution for a flat surface through these equations and that the stress component xx ! at the free surface ( 0 = y ) in the unperturbed state plays the role of external loading for the perturbed state. The conditions for a traction-free bottom surface are
while the traction and displacement continuity conditions for the k th interface at y = !" k are expressed as
,
The displacement continuity equations in Eq. (20) are written in terms of the displacement gradients rather than the displacements solely as a matter of convenience. These equations can be rewritten as a function of the stress function:
and where α k and β k are the Dundur's parameters for the two materials at the k
Solution of the first order perturbation problem
Let us consider a multi-layered structure with N layers ( 2 ! N ). When the free surface of the topmost layer is undulated, the stress state in the multi-layered structure is to first order in the perturbation amplitude described by the stress function
.
The subscript ) (i again refers to the i th layer in the structure. The term
corresponds to the unperturbed state, for which the stress state is given directly by Eq. (4). The first-order perturbation term ) 1 ( ) (i F can be expressed in terms of the general solution given by Eq. (9) and contains four integration constants for each layer. The N 4 integration constants for a stack with N layers are then given by the following matrix expression
where X N is a column matrix that contains the integration constants http://www.iMechanica.org/blog/56/ known, the stress function ) 1 ( ) (i F for each layer can be constructed using Eq. (9), and the stress state is obtained for each layer using Eqs. (6) -(8). For a bi-layer structure (
of M 2 is straightforward, but tedious, and is most easily accomplished using software that handles symbolic calculations such as Mathematica or Maple. The unknown matrix 2 X can be obtained explicitly, but is too lengthy to reproduce here.
Energetics of sinusoidal undulation
In this study, it is assumed that only the surface energy, S E ! , and the strain energy, U ! , contribute to the potential energy, !" , of the multi-layered structure. The potential energy is
under displacement-controlled conditions. Depending on the particular application, one could of course include other terms such as those due to van der Waals interactions or electrostatic interactions. When the free surface of a multi-layered structure experiences a sinusoidal undulation, e.g. as a results of a diffusion or an etch process, the total surface energy of the structure changes because of the change in surface area, and its strain energy changes because of the corresponding change in the stress state (Suo, 1997) . We now estimate the changes in the total surface and strain energies using the perturbation analysis presented in the previous section, and discuss the critical and the preferred wavelengths of the undulation.
Estimation of the surface energy and the strain energy
The total energy of a surface with a sinusoidal undulation is readily obtained in terms of the amplitude and wavelength of the undulation. In particular, the change in surface energy between an undulating surface and a flat surface is given by
for one period of the undulation. Implicit in Eq. (28) is the assumption that the surface energy is isotropic.
In order to evaluate the change in strain energy associated with the undulation of a surface, it is necessary to obtain the strain energy density w, which is given by
for both plane strain or plane stress. Using the procedure discussed in Section 3, the stress components can be obtained, and the strain energy density of an undulating free surface of a multi-layered structure ( 2 ! N ) is obtained as
where i ! is the normalized layer thickness defined by ! i = h i / " . The change in strain energy associated with the undulation can be estimated using the same procedure as in (Gao, 1991) and is equal to
per wavelength. With Eqs. (6), (9), (29) and (30), one further obtains the following useful
relating g directly to one of the integration constants and the stress σ T . Note that unlike the surface energy, the change in strain energy associated with the undulation depends on the number of layers, the thicknesses of the layers, and their elastic moduli. For a bi-layer 
The non-dimensional parameters ! 1 ,...,! 7 in Eq. (33) are defined in Appendix B. For a homogeneous bi-layer ( 
For a semi-infinite homogeneous layer where 1 ! approaches infinity, one finds g = ! as obtained previously by Gao (1991) . For a coating on an infinitely deep substrate, one obtains
When the wavelength of the undulation is much larger than the coating thickness, i.e., when ! 1 " 0 , this is further reduced to
It is possible to obtain expressions for g ! 1 , " 1 ,.. 
Critical and preferred wavelengths
When the free surface of a multi-layered structure experiences a sinusoidal undulation, there is a competition between the surface energy and the strain energy of the structure. The critical wavelength is defined as a wavelength where the sum of surface energy and strain energy changes are equal to zero. A sinusoidal undulation with a wavelength larger than the critical wavelength leads to a net decrease in the potential energy of the structure, while an undulation with a smaller wavelength increases the potential energy. The critical wavelength c ! for a structure with N layers can be obtained from the equation
Using Eqs. (28) and (31), this can be rewritten as 2
The notebook can be found at the following url: http://www.iMechanica.org/blog/56/
For a homogeneous semi-infinite structure, Eq. (38) is reduced to Asaro and Tiller's result (1972) 
For a coating on an infinitely deep substrate, the critical wavelength c ! is the solution of the following equation where g is given by Eq. (35)
The critical wavelength is shown graphically in Fig. 2 as a function of coating thickness for the special case that ! 1 = " 1 4 . It is evident from the figure that the critical wavelength depends sensitively on both the elastic properties and the thickness of the coating, especially in the case of a compliant coating on a stiff substrate. If the coating thickness is larger than approximately half the undulation wavelength, the critical wavelength approaches the AsaroTiller results for the coating. It should be noted that even though the analysis in this study assumes conditions of plane stress or plane strain, the results are also applicable to a state of equi-biaxial stress -a condition often encountered in layered systems -provided the wavelength is small compared to the overall geometry of the system. Indeed, Gao (1994) has shown that the critical wavelength for an equi-biaxially stressed semi-infinite solid that develops a double cosine undulation is related to the plane-strain wavelength by
It is straightforward to show that his argument also applies to the more general multi-layered case discussed in this paper. Using this relationship, it can be verified that Eq. (35) is consistent with the solution by Gao given in Freund and Jonsdottir's paper (1993) .
The critical wavelength determines whether an undulation of a given wavelength is stable if mass transport is allowed. In an experiment one is, however, more likely to observe the wavelength that corresponds to the most unstable undulation mode, i.e., the undulation mode that grows the fastest. This wavelength, which we refer to as the preferred wavelength λ m , clearly depends on the kinetics of the mass transport process and hence on the precise mechanism responsible for the undulation. For instance, if the undulation of the free surface is caused by stress-driven surface diffusion (Gao and Nix, 1999) , the preferred wavelength maximizes !"# $ 3 (Gao, 1991) , i.e.,
Using Eqs. (28), (31) and (39), the equation for the preferred wavelength can be rewritten as
Note that the non-dimensional function
) is independent of ! , and one finds that
This is the same result as obtained by Gao (1991) , Asaro and Tiller (1972), and Srolovitz (1989) . For a coating on an infinitely deep substrate, Eq. (42) can be reduced to
The preferred wavelength m ! can be solved numerically from this equation. Figure 3 shows how m ! varies with respect to 1 ! and 1 ! for the case that 4
The behavior is quite similar to that of the critical wavelength with the greatest variations for thin compliant coatings on stiff substrates. The above analysis focuses on the special case where mass transport occurs via surface diffusion and the only energy contributions are those due to the strain and surface energy. This analysis is, for instance, applicable to layered semiconductor thin-film structures with different lattice parameters, which are commonly used in electronic or optical devices. Similar analyses can also be performed if mass transport occurs through different mechanisms such as chemical etching (see below) or if other energy terms, e.g., due to electric fields or Van der Waals forces, are important.
Example: Stability of a stressed free surface under chemical etching
As an application of the foregoing analysis, let us consider the stability of a free surface subjected to in-plane stresses under chemical etching conditions. It has been shown that during etching the surface roughness of a stressed solid grows with different rates depending on the wavelength of the roughness: Roughness with wavelengths below a critical value decays, while roughness with larger wavelengths grows (Kim et al, 1999) . This phenomenon has been observed in the dissolution of K-alum single crystals subjected to uniaxial compression (den Brok and Morel, 2001 ) and it has been used to estimate the residual stress in monolithic Al by scanning the surface with an atomic force microscope before and after etching (Kim et al, 1999) . The original analysis was developed for a semi-infinite solid (Kim et al, 1999; Yu and Suo, 2000) , but is readily extended to a structure with an arbitrary number of layers using the present analysis. In order to illustrate the effects of the elastic mismatch between the layers, we have calculated the critical wavelengths for the SiO 2 /Si, SiO 2 /Al 2 O 3 , and SiO 2 /Al 2 O 3 /Si multi-layered systems, the SiO 2 layers of which are subjected to a residual stress, and we compare these wavelengths to the critical wavelength for a SiO 2 half space subjected to the same stress. The choice of materials in these systems was motivated by their large difference in elastic properties and the ease with which multi-layered samples could be fabricated for experimental verification, but is rather arbitrary otherwise. Detailed information on the film stacks used in these calculations can be found in Tables 1 and 2 . Figure 4 shows the critical wavelengths of the multi-layered systems as a function of 0 ! , which is inversely proportional to the square of the stress at the free surface. It is evident from the figure that the effect of the underlying layers is significant, especially for large values of 0 ! . The results in for these systems and that an analysis based on a half-space approximation is not sufficiently accurate in this case.
Summary
We have analyzed the problem of an undulating free surface of a stressed multi-layered structure with an arbitrary number of layers using a linear perturbation method. We present a simple procedure for constructing the perturbation solution in terms of stress functions from which the full field stress distribution in the structure is readily obtained. Using this solution,
we have analyzed the energetics of a stressed multi-layered structure with an undulating surface and we have obtained the critical and preferred wavelengths that arise as a result of the competition between surface and strain energy. These wavelengths are typically on the order of microns but can be much larger if the stress is small, making it necessary to account for the individual layers in the structure when dealing with thin films and coatings. As an application of the multi-layer solution, we have analyzed the stability of the SiO 2 surface in the SiO 2 /Si, SiO 2 /Al 2 O 3 , and SiO 2 /Al 2 O 3 /Si systems and have demonstrated the effect of the elastic mismatch of the layers on the critical wavelength in these systems. More generally, we anticipate that the solution presented in this paper will be useful whenever one needs the strain energy density of an undulating free surface of a multi-layered structure under fairly general loading conditions.
Appendix A. Definition of matrices
In Section 3.2, the solution of the perturbation problem is presented in the form of matrix equation
where N X is the column matrix that contains the 4N unknown integration constants, M N is a N N 4 4 ! matrix, and f N is a 1 4 ! N matrix. M N , X N and f N are defined as follows:
M N and f N are block matrices that consist of the following sub-matrices: Appendix B. Non-dimensional parameters for a bi-layer structure
In section 4.1, the expression for the strain energy change of a bi-layer structure is given in terms of the following non-dimensional parameters: Table 1   Table 2 
